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Abstract. We study Galois action on Ext 1 (E(Q), I?) and in- 
terpret our results as partially showing that the notion of a path 
on a complex elliptic curve E can be characterised algebraically. 
The proofs show that our results are just concise reformulations of 
Kummer theory for E as well as the description of Galois action 
on the Tate module. 

Namely, we prove (a),(b) below by showing they are equivalent 
to (c) which is well-known: (a) group Gal(Q/Q) acts transitively 
on the set of uniquely divisible abelian Endi?-module extensions of 
E(Q) of algebraic points of an elliptic curve, by A = Z 2 , (b) natu- 
ral algebraic properties characterise uniquely the Poincare's funda- 
mental groupoid of a complex elliptic curve, restricted to the alge- 
braic points, (c) up to finite index, the image of the Galois action 
on the sequences {Pi)i>o,jPij = Pi,i,j > of points Pj G E k (Q) 
is as large as possible with respect to linear relations between the 
coordinates of the points Pi's, 

Our original motivations come from model theory. 



.et on ajoutera:«je ne sais pas le reste» 



1. Introduction 

1.1. Abelian group extensions. The universal covering space of an 
elliptic curve A = E is just C; the linear structure on C plays an 
important role in the theory of (complex) elliptic curves as algebraic 
varieties. This suggests that the relevant linear structure on C is de- 
termined up to isomorphism by the algebraic curve itself. A uniquely 
divisible abelian extension of the group E(C) with kernel I? describes 
such a linear structure; thus, the above considerations suggest that 
such an extension is unique, up to an automorphism Aut(C/Q). 

The next proposition partially confirms these suggestions. We con- 
jecture it holds for C and in general, any algebraically closed field of 
zero characteristic. 
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Proposition 1. Let E be an elliptic curve defined over a number field 
k C Q. Assume that all the endomorphisms of E are definable over 
k. If EncLE = Z, then the Galois group Gal(Q/Q) acts transitively 
on the set of uniquely divisible abelian extensions Ext 1 AbGroups (E(Q), A) 
of E(Q) by A = Z 2 . // EndE ^ Z, then there are at most finitely 
many orbits on the set of uniquely divisible EndE-module extensions 
in Ext^ QdE _ mod (E(Q),A) of EndE -modules. 

Here A denotes the kernel of End-E-module covering map C — > E(C). 
We prove the proposition by an inductive argument using Kummer 
theory of E and the description of the Galois action on Tate module; 
moreover, the proof shows that Proposition 1 is equivalent to these 
arithmetic results. 

1.2. An algebraic notion of a path up to homotopy. We ask 

whether the notion of paths (up to fixed point homotopy) on an elliptic 
curve E(C) may be described by its natural algebraic properties. "Paths 
up to fixed point homotopy" are usually thought of in the context of 
the Poincare's fundamental groupoid, which can be thought of as a 
2-functor. Hence, we may reformulate the question as: Is the funda- 
mental groupoid functor on the complex algebraic varieties determined 
by its natural algebraic properties up to natural equivalence and an au- 
tomorphism of the source category? Proposition [2] is a partial positive 
answer to this question. 

Proposition 2 (Universality of fundamental groupoid functor). Let E 

and a number field k be as above. Let <£ be the full subcategory of Var/Q 
consisting of Cartesian powers of E. 

Let : l£ — > S5toupoic)s be a functor satisfying conditions (l)-(3) of 
Definition^ below (unique path-lifting along etale morphisms, preser- 
vation of direct product, etc). 

Assume further that 

(4) £l(E) is a connected groupoid 

(5) there is an isomorphism 

Q 0) o(£) := {7 G Q(E) : 5(7) = £(7) = 0} £ Z 2 as EndE -modules. 

Then, for E with no complex multiplication, there exists an automor- 
phism a G Gal(Q/k) such that the functors £2, rtl° p ^oa : <£ — > ©roupoiOs 
are naturally equivalent: 

o ~ top 

il = 7T 1 ^ o a 

If E has complex multiplication, then there exists finitely many func- 
torsWi, ...,¥ n : <£ — > (StoupoiOs satisfying conditions (l)-(5) above such 
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that for any functor Q satisfying (l)-(5) above there exists a Galois au- 
tomorphism o G Gal(Q/k) and a number < i < n + 1 such that Q 
and Fj o a are naturally equivalent. 

Here Vt^ v _{V) = V(Q) and 

= {76 7rT P (V(C)) : S ( T ),t( T ) G ^(Q)} 

is the restriction of 7r^ op to Q-rational points. 

We prove Proposition 2 by reducing it to Proposition 1. 

1.3. Kummer theory and Galois representations. We prove Propo- 
sitions 1 and 2 by a rather simple induction based on Kummer theory 
and the image of Galois action on Tate module. The full proof is carried 
out in in |Bl here we just present an argument showing how these arith- 
metic results may be relevant. For simplicity assume End-E = Z and 
consider an extension H — > v E(Q). Take a pair Ai, A 2 G A of generators 
of abelian group A = ker <p\ the extension then gives rise to the infinite 
sequences (</?(Ai/n)) n , (<p(\ 2 /n)) n which can be thought of as elements 
of Tate module YliTi(E). If we take another extension H' — > v E(Q), 
we can obtain similar sequences ((ip(X' 1 /n)) n , (<p(X 2 /n)) n . If the ex- 
tensions H — ^ E(Q) and H' — > v ocr E(Q) are isomorphic for some 
a G Gal(Q/k) and an isomorphism ' : H — >• H' takes (Ai, A2) to (A' 1; A' 2 ), 
then these pairs of sequences are conjugated by Galois action. Were 
Gal(Q/k) = SL 2 (Z), it would be so for any two linearly independent 
pairs (Ai, A 2 ) and (A' 1; A' 2 ) of generators. 

If Gal(Q/k) is of finite index in SL 2 (Z), then it is sufficient to take 
A' 1; A 2 such that f'iK/N) = <f(X 1 /N),<f'(X' 2 /N) = p(X 2 /N), for some 

large enough; that is possible due to surjectivity of ip' and the unique 
divisibility of H' . 

1.4. Model theory: motivations and generalisations. The re- 
sults of this note appear naturally in a model-theoretic framework of 
«logically perfect structures» developed by Zilber |Zilb| : in this way 
they have been obtained in the author's DPhil thesis [Gav05j. We be- 
lieve that the context and techniques of model theory are essential to 
generalise our results to other varieties and fields of arbitrary cardinal- 
ity including the field of complex numbers. However, in this note we do 
not discuss the model theoretic motivations and techniques; we refer to 
the the author's DPhil thesis |Gav05| for that. The note presents only 
those results of the thesis which can be stated and proven in a model- 
theory free fashion; in particular, the note omits the discussion of the 
Shafarevich conjecture on holomorphic convexity of universal covering 
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spaces and the case semi-Abelian varieties of higher dimension. The 
results follow a line originated by Zilber |Zila,j treating fully the case of 
the multiplicative group of an algebraically closed field of characteristic 
0. 

We would appreciate references to any literature discussing similar 
questions. 

1.5. Structure of the paper. We state our results in detail in Sj2j 

We prove Proposition [T| in ^Sl We establish the equivalence of the 
algebraic approach of Proposition [T] and the topological approach of 
Proposition[2]in $U We state a precise conjecture about Shimura curves 
in 

2. Results 

In this section we state our results in full, and hint on a connection 
between the reformulations. 

2.1. Uniquely divisible extensions of Abelian groups. Let E be 

an elliptic curve defined over a number field k C Q C C, and let 

► A ► C — E(C) ► 0. 

be the universal covering of E(C). Let G E(k) denote a fc-rational 
point which is zero of the additive group E(C). 

Proposition 1. Assume that all the endomorphisms of E are definable 
over k. If EndE = Z, then the Galois group Gal(Q/Q) acts transitively 
on the set of uniquely divisible abelian extensions Ext 1 AbGroups (E(Q), A) 
of E(Q) by A = Z 2 . If EndE ^ Z, then there are at most finitely 
many orbits in uniquely divisible extensions in Ext^ ndE _ mod (E(Q), A) 
of EndE -modules. 

We conjecture the proposition holds for any algebraically closed field 
of zero characteristic, i.e. the action of Aut(AyQ) on the set of uniquely 
divisible abelian extensions in Ext 1 (E(K), A). Zilber |Zila| proves the 
transitivity of the Aut(A"/Q)-action on Ext 1 (A*, Z) for arbitrary alge- 
braically closed field K = K of characteristic 0. 

Remark that the set of non-equivalent extensions Ext^ ndE _ mod (E(Q), A) 
is of cardinality 2 H °. Also note that the injectivity of the profinite com- 
pletion A of the kernel A implies Ext-—--- (E(Q),A) = making the 

_ End_B-mod v v 7 ' 

proposition trivially true in this case. 

A way to think of it is that the proposition claims that it is pos- 
sible to describe the universal covering space of an elliptic curve in a 
purely algebraic way, admittedly with respect to a rather weak, linear 
structure on it. 
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2.2. Relation between Propositions 1 and 2. Here we interpret 
Proposition [T] as a universality property of the Poincare fundamental 
groupoid functor. Identify points in C and homotopy classes of paths 
in E(C) starting at 1 via the period map 7 1 — > J dz. Then the addition 

7 

on C corresponds to point-wise addition of paths, and dividing by n 
corresponds to path-lifting along the etale morphism nx : E(C) — ► 
E(C). Using this correspondence, we interpret the unique divisibility 
of C as the unique path-lifting property along etale morphisms from 
E(C) to E{C). 

These observations allow us to reformulate the previous result as an 
algebraic characterisation of the Poincare's fundamental groupoid of a 
complex elliptic curve, i.e. that the notion of paths (up to fixed point 
homotopy) on a complex elliptic curve E(C) may be described by its 
natural algebraic properties. 

A precise reformulation of the question is: Is the fundamental groupoid 
functor on the complex algebraic varieties determined by its natural al- 
gebraic properties up to natural equivalence and an automorphism of 
the source category? Proposition 01 provides a partial positive answer 
to this question; the proposition is just an equivalent reformulation of 
Proposition [TJ 

2.3. The universality property of the Poincare's fundamental 
groupoid functor. In this subsection we introduce in detail the no- 
tions of category theory appropriate to state Proposition 2. 

2.3.1. The example: fundamental groupoid functor irl° p (E(C)) as a 
two-functor. It is convenient to consider 2-functors instead of functors 
to groupoids; the notions are equivalent. Before defining a 2-functor 
formally, we illustrate the notion by an example of Grothendieck |Oro| . 

The path 2-functor Q on the category Top of topological spaces is a 
tuple (Pt, ft, s,t, •) consisting of a functor of points Pt : lop — > Gets 
and a paths functor Q : %op — > Sets together with the following data: 

(1) Pt(T) is the set of points of topological space T and the morphism 
Pt(/) : Pt(Ti) -> Pt(T 2 ) is / : T\ -> T 2 as a map of sets. 

(2) fl(T) is the set of all paths in topological space T, i.e. contin- 
uous functions 7 : [a, b] — > T, a, b G R; similarly Q(f),f G 
Horn sop (Ti, T 2 ) is the map taking a path 7 : [a, b] — > T\ into 
/07 : [a, 6] -> T 2 . 

(3) St, fx '■ Q(T) — > Pt(T) are functions from the set of paths in T to 
their endpoints in T; the function s{p/) = 7(a) (source) gives the 
beginning point of a path 7, and the function £(7) = 7(6) (target) 
gives the ending point of path 7. 
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(4) -t '■ &{T) x Q(T) — > f)(T) is the partial operation of the concatena- 
tions of paths, taking 71 : [a, b] — > T, 72 : [6, c] — > T into 7 = 7172, 

7|M = 7i>7|[M = 72- 

Thus, a 2-functor from %op to (Sets consists of two functors Pt,f2 : 
lop — > (Sets, and two natural transformations s, t : Q — > Pt from 
functor to Pt; s stands for source and t stands for target. For each 
T, there is also a functorial associative operation -y defined on f^^T) x 
-> ^(T), where VL X)V (T) = {76 fi(T) : 5(7) = £,£(7) = ?/}, 
etc; the operation • makes fi IiX (T) into a group; in the example above, 
Qx,x{T) is the set of all loops in T based at x G T. 

In particular, for each T the set O(T) carries the structure of a 
groupoid; in fact, it is conventional to consider Q as a functor to the 
category of groupoids. 

If in item (J2J) we define fi(T) to be the set of all paths up to fixed 
point homotopy, then we obtain the notion of the fundamental groupoid 
functor. The advantage of the original definition is that one may try 
and define n-functors describing n-dimensional homotopies on topo- 
logical space T, cf. Grothendieck [Gro| for motivations; Voevodsky- 
Kapranov jVK91| propose an exact definition. Grothendieck [Gr^j ex- 
plains that it is essential not to insist on strict associativity etc, but 
rather to consider all the identities to hold up to a homotopy of higher 
dimension. This may be useful to generalise Proposition 2. 

2.3.2. Abstract fundamental groupoid functors. Here we define the path- 
lifting property for a 2-functor, and an abstract fundamental groupoid 
functor as a functor preserving direct products, possessing the path- 
lifting property and with a particular functor of points. 

Definition 1. LetVl be a 2-functor from a subcategory l£ of the category 
of varieties over an algebraically closed field K, into (Sets. We say £2 
is an abstract fundamental groupoid K- valued functor if Q satisfies 
the following properties: 

(1) the functor Pt is the functor of K -rational points: 

Pt(X) = X{K) = Mor Yai/K (0,X) 

(here denotes a single point variety defined over k ) 

(2) the functor Vt preserves the direct product: 

Q(X xY) = Q(X) x Q(Y) 

n(f x g ) = n{f) x n( g ) 

SXxY = Sx X Sy,txxY = tx x ty 

(71 x 72) -x (71 X 7 2 ) = (71 -x ix) x (72 -x 7 2 ) 
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(the direct product is taken in the category of&ets.) 
(3) unique path-lifting property: if p G Hom l£ (X, Y) is an Stale mor- 
phism of algebraic varieties, then for any points x, y G Pt(X) the 
map 

aePt(x) asePt(r) 

«s a bijection. 

2.3.3. Universality of the fundamental groupoid functor. Let 

£ C V, € = {£ n : n ^ 0}, Mor^X, Y) = Mor Var/K (X, Y) 

be the full subcategory of the category of varieties whose objects are 
the Cartesian powers of E including E° = & variety consisting of the 
single point 0. By the definition of a full subcategory, the morphisms 
of (E are morphisms of varieties between the objects of (E. 

The Galois group Gal(Q/k) acts on the category <£; the action leaves 
the objects invariant but permutes the morphisms. Recall we assume 
that all endomorphisms of E preserving G E(k) are defined over its 
field k of definition. 

Recall a groupoid Q(E) is connected iff for every x,y G Pt(E) there 
exists 7 G fl(E) "going from point x to point y", i.e. x = 3(7), y = £(7). 
The set of such paths satisfying x = s{^),y = t(j) is denoted by 

&x,y(E). 

Using the notion of an abstract fundamental groupoid functor, we re- 
state Proposition^ then we show it is essentially equivalent to Proposi- 
tion [TJ The proof basically reconstructs the "universal covering space" 
V as the set of all paths U*e£(Q) ^o,*(E) leaving a particular point; 
functoriality of Q allows us to define End-E-module structure on V; the 
unique path-lifting property of f2 ensures unique divisibility. 

Proposition 2 (Universality of fundamental group functor). Assume 
that E is an elliptic curve defined over a number field k and does not 
have complex multiplication. Let <£ be the full subcategory of Cartesian 
powers of E as above. 

Let f2 be an abstract fundamental groupoid Q-valued functor on cat- 
egory (E. Assume 

(1) £l(E) is a connected groupoid 

(2) there is an isomorphism 

Q fl(E) = Z 2 as EndE -modules. 
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Then there exists an automorphism a G Gal(Q/k) such that the 2- 
functors f2, 7Ti° P |q ° ° '■ ^ ~~ > ©ets are naturally equivalent (as 2- 
functors), 

Or^j top 
_ = 7i l |Q o a 

<£ > 6e£s 

natural transformation 

top 

£ ^ Gets 

If E has complex multiplication, then there exists finitely many ab- 
stract fundamental groupoid Q-valued functorsFi, ...,F n : (E — > (StoupoiOs 
sitc/i i/iai /or any oi/ier abstract fundamental groupoid Q-valued func- 
tor Q there exists a Galois automorphism a G Gal(Q/k) and a number 
< i < n + 1 smc/z t/zat f2 and Fj o a are naturally equivalent. 

Recall Pt 7r to P _(y) = F(Q) and fV^-(^) = {7 G vrf p (V(C)) : 

1 |Q 1 |Q 

s( T ),t( 7 )Gl/(Q)}. 

The condition in the definition of an abstract fundamental groupoid 
functor are somewhat reminiscent of the conditions defining the scheme- 
theoretic algebraic fundamental group tt 1 g [SGA4|]; however, there ixf g 
takes values in the category of profinite groups, in particular ir\ g (C*, 1) = 
Z, 7rf g (E(C),0) = Z 2 . 

It is natural to consider whether a path lies in an algebraic subvariety, 
so if Q is provide a useful notion of a path on -E(C), the 2-functor O 
restricted to <£ should be able to express when (a representative of the 
homotopy class of) a path lies in an arbitrary algebraic subvariety. This 
is indeed the case: 

Remark 3 (Recovering fl(Z) for arbitrary closed subvariety Z of E n ). 
The information contained in the functor 7i^ op |(£ restricted to the full 
subcategory <E of Cartesian powers of an elliptic curve is enough to 
determine whether a path lies in a closed subvariety. The key fact 
here is that for a normal subgroup H < iii(E n (C)), there exists an 
H-Shafarevich morphism Sh# : E n — > E m such that for an arbitrary 
irreducible Z C E n (C), it holds Z C ker / iff the image Im [iri(Z , z) — > 
7r 1 (i? n (C), z)] has a finite index subgroup contained in H. 

3. Extensions of E(Q) by A 



In this section we state and prove Proposition [2j the proof is a model 
theoretic argument based on Kummer theory and the description of 
the image of Galois representation on Tate module T{E). However, we 
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tried to be very explicit and have avoided any model-theoretic termi- 
nology in the exposition of the proof. The only model theory left in the 
proof is in the level of motivations; as was noted earlier, those model- 
theoretic motivations are useful to try and generalise the formulation 
to other varieties and contexts in general. 

3.1. Transitivity of Gal(K/Q) action on the uniquely divisible 
End -E-module extensions of E(Q) by A. To fix notations for the 
proof, we restate Proposition [2 in an expanded form. 

Proposition 4. Let E(C),A be as above. 

(1) There exists a uniquely divisible EndE-module V and a short exact 
sequence of EndE -modules 

► A ► V ► E(Q) ► 0. 



(2) (a) If E has no complex multiplication and End-E = Z, then for 
any uniquely divisible X-module extensions W, V of E(Q) by 
A, fitting into the short exact sequences as above, there exist 
a commutative diagram: 

► A ► V — E(Q) ► 



3h }A 



heRom (V,W) 



BaeGal 



► A ► W — ^-f E(Q) ► 



(b) // EndE ^ Z ; then there exist finitely many uniquely di- 
visible EndE-module extensions Wi,...,W n of E(Q) by A, 
fitting into the short exact sequences as above, such that for 
any uniquely divisible EndE-module extension V there exist 
a commutative diagram: 

► A ► V — E(Q) > 



hGHom (V,W) 



3aGGal(Q/k) 



> A > Wi E 

Proof. By assumption there is a covering 

► A > C — E{C) ► 

The endomorphisms act on the complex plane C by multiplication by 
complex numbers, and so in particular C is a uniquely divisible End-E- 
module. The set E(Q) of points of E over an algebraically closed sub- 
field is closed under addition and End-E-multiplication i.e. is an EndE- 
submodule, necessarily uniquely divisible; so is then V = p _1 (i?(Q)); 
take that to obtain a short exact sequence as above. This proves (JTJ) . 



10 



MISHA GAVRILOVICH 



To prove (J2J) , we use the Kummer theory of elliptic curves and the 
Serre's results about the image of Galois representation on the torsion 
points. Essentially, what we need is that all the restrictions on the 
image of the Galois action on the Tate module Yli T(E) come from the 
geometry of E and in this case, are linear. That is exactly what is 
provided by the Kummer theory and other results we use. 

Pick a maximal linearly independent set v ,Vi,v 2 ,.- G V; let V n = 
EndEv Q + . . . + EiadEv n be the submodule generated by Vo, . . . , v n , and 
let QV n = (EndSj-V,, = {v : 3N e N{Nv G V n )} be its divisible 
closure. We construct by induction a partial End-E-module linear map 
h n : QV n — > Wi inducing a partial Galois map a n : (p(QV) — > E(Q) so 
that h = Uh n is an isomorphism of V and then the construction 
implies o = Ucr n is a total Galois map on E(Q) to E(Q) : and thus 
there is a commutative diagram as above. 

For a point a G E(C), let us call a compatible sequence of division 
points starting at a a sequence (a^) ie rj satisfying aW = ja^\ i,j G N. 
Compatible sequences of division points starting at G E(Q) form a 
Tate module T(E). A compatible sequence oil-primary division points 
is a subsequence (a^)j^ of a compatible sequence of division points; 
such sequences of /-primary points starting at form l-adic Tate module 
Ti(E). 

3.2. The image of Galois representations on Tate module Ti(E). 

3.2.1. Base of induction. Choose v o G A = ker </?; then QVo = v9~ 1 (£' tors ) 
where -E tor s = {x G E(Q) : nx = for some n G N} is the set of torsion 
points of E(Q). 

As the base step of the induction, in this subsection we construct a 
commutative diagram: 

► A ► V n — E tnTR > 



(1) ^0 



h Q eRom(Vo,W) 



a£Gal(Q/k) 



> A ► W E tors > 

where t±, ...,r n is some fixed finite collection of Endi^-endomorphisms of 
-Etors independent of V, W. For curves without complex multiplication, 
there is no need to consider Tj's, i.e. n = 1, T\ = id. 

Note that when E has complex multiplication, the diagram above 
is somewhat reminiscent of a diagram appearing in the main theorem 
of complex multiplication |Shi71[ Chapter 5, Theorem 5.4], also Lang 
|Lan83] . Global class field theory provides an explicit description on 
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the image of Galois action in Aut(£ , tors ) in terms of the action of the 
ring of ideles on some lattices in the universal covering space. 

3.2.2. E has complex multiplication. Pick an arbitrary isomorphism 
ho : A — > A and extend it uniquely to h Q : Vq —* W; we may do so by 
unique divisibility of V and W . Define an End-E-morphism r : E tors — > 
-Etors by r(x) — ipohoo<p~ 1 (x). The calculation ipoho(y+ A) —ipoh (y) 
shows it is well-defined; linearity of r follows from that of (p, ho and 

Ideally we would like to be able to choose h : A — ► A so that 
t = Th : E tovs —> E toIS is induced by a Galois automorphism. Here we 
prove a weaker statement below. 

Denote O = EndE and E[n] = {x G E(Q) : nx = 0} the n-torsion 
of The set E[n] is a free 1-dimensional C/n,(9-module ( |Lan78[ 
Ch.8§15,Fact 1]), and Aut (£[n]) = Aut 0/n0 _ mod (£[n]) = (C^O)*, 
where (@/n(D)* denotes the group of invertible elements in iPfnO)*- 

An O-automorphism of E'tors is given by a compatible system of O- 
automorphisms of E[n], n > 0; thus we see that there is an action of 
O = lim OfnO on E tors as an End-E-module; the fact that Auto(-E'[n]) = 

n 

{E[n\) = {OfnoY implies that Aut (£ tors ) = O. 
Now we refer to a consequence of the main theorem of complex mul- 
tiplication, namely that, in notation of |Lan78[ Ch.8§15,Fact 2], the 
image of Galois group 

G K = Gal(K(E toIS ) : K) - J]((End£) z )* 

is open of finite index, i.e. ImGx is a finite index subgroup of O* = 
YliOf. Choose Ti,...,r n to be representatives of conjugacy classes 
OJlmGKJ we then have that for some i TiT = a E ImGx'-, this choice 
of ho, o = t-j makes the diagram (JU) commutative, as required. 

3.2.3. E does not have complex multiplication. Assume that E does 
not have complex multiplication, i.e. EndE 1 = Z; identify EiadE = Z, 
T(E) = Z 2 ,_and Aut(T(£)) = SL 2 (Z). The maps <p : V -> £(Q), 
^ : W -> £(Q) define embeddings ^ : A -> T(£), : A -> T(£) by 

(^( A /j))jeN, 
: A i-> (ip(\/j)) jeN . 
The images t v (A), t^(A) of the both maps are dense in T(E) due to 
the surjectivity of (p, ip : QA — > i^ors- 

Take a pair of elements A , Ai G ker ip = A generating A as an Abelian 
group; we want to find Aq,A^ G kerip = A and a = a G Gal(Q/k) 
such that 

c"^(Ao) = ^(Aq), 
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Under identification ker<^ = Z 2 , since vectors A , Ai G Z 2 gen- 
erate lattice Z 2 , it holds that det(Ao,Ai) = 1. That implies that 
det(i ¥ ,(A ), i^(Ai)) is a unit in Z = Yli^i- Similarly det^^), ^(A^)) 
has to be a unit in Z. 

By [Ber88, Theorem 3], the image of the Galois group Gal(Q/k) 
in the automorphism group Aut(T(E)) = SL 2 (Z) contains an open 
subgroup SL 2 (iVZ) = ker (SL 2 (Z) -> SL 2 (%z)), for some JV G N 

large enough. Now, there is L G SL 2 (iVZ) such that L(u ) = u' and 
L{ui) = u[ iff det(«o, Wi) = det(wo,M / 1 ) and uo G u' + iVZ, u\ = 
u[ + NZ. Thus it is enough to take Z-linearly independent X' Q , X[ such 
that ip{\' /N) = ip{X /N) and if>(\[/N) = <p(\ x /N). Necessarily then 
det(i^(Ag), <^(Aj)) is a unit. This implies that det(A[ ) ,A / 1 ) = 1 and 
thus, Aq, X[ generate Z 2 . The latter statement is independent of the 
identification keri/; = Z 2 , and this concludes the proof in the case of 
no complex multiplication. 

3.3. Kummer theory. 

3.3.1. The main statement of the Kummer theory for an elliptic curve. 
Let us state the main lemma in a form convenient to us to make an 
inductive process; that is a form natural from the model-theoretic point 
of view and corresponds to the property of atomicity of certain formulae 
over the kernel. 

Lemma 5 (Kummer theory for an elliptic curve). Let E be an ellip- 
tic curve defined over a number field k. Let Oi, . . . , a n G E(Q) be a 
sequence of points linearly independent over End-E. Then there ex- 
ists N G Z such that any two compatible sequences (a£ \..., )ieN> 
(fej* , . . . , bn )iew °f division points in E(Q) starting at a\, . . . , a n and 
such that a x = b x , . . . , a„ = bn , are Gal(Q/k) -conjugated by 
a G Gal(Q/k), 

a{a { p) = b^, for all < n,j G N. 

Proof of Lemma. See Bashmakov |Ba,s72j for original results for elliptic 
curves; see |Rib791 -F H 87 LlibSZj for Kummer theory of Abelian vari- 
eties, and see [Ber88] for a summary of results of Kummer theory of 
Abelian varieties; we quote [Ber88, Theorem 2] from that paper. 

We now introduce the notations of Bertrand {Ber88l Theorem 2]. 
Let G = A x L be a product of an Abelian variety by a torus L 
so that after a finite extension of k it satisfies Poincare's complete 
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reducibility theorem (as a variety over k). Let I denote a prime. Let 
G t oc = {x G G(k) : 3nl n x = 0} be the Z°°-torsion of G. For a point 
P G G(k), let Gp be the smallest algebraic subgroup of G containing P, 
i.e. the Zariski closure of subgroup ZP of G, and let G P be its connected 
component through the origin, and finally let 

^oo(P) : Ga\(k/k(Gi°o, P)) — > T^(A x L) 
o i — > a(poo) — Poo, for some poo g Ti<x(A x L). 

It can be checked by direct computation the map £/oc (P) : Gal(k/k(Gi°c , P) — > 
T;oo(y4 x L) does not depend on the choice of poo g T/oo(y4 x L). 

Let T(Gp) be the sequences of T(E) consisting of elements of G P ; 
then, according to [BerSU Theorem 2], the image of £oo(P) = EL^ 00 
has finite index in T(Gp) = YliTi°°(A x L), i.e. the image contains 
NT(Gp), for some natural number AfeN large enough. 

We claim that if we take G = E n , P = (a u . . . , a n ) G P n (Q), then N 
above is iV required in Lemma. By the result cited above, it is enough 
to prove that if a\, . . . , a n G P(Q) are EndP-linearly independent, then 
G P = E n . 

An algebraic subgroup of E n is necessarily an Abelian subvariety; 
by the Corollary of Poincare's complete reducibility theorem (LemmalHl 
below) if dimGp ^ E n , then for some m G N, the connected component 
of Gp/m lies in the kernel of some non-trivial morphism / : E n — > 
E m . The kernel of / satisfies the EndP-linear relation corresponding 
to / : E n {k) — > E n (k) as a morphism of EndP-modules. Since by 
assumption P satisfies no EndP-linear relation, this is a contradiction, 
and G° P = E n . 

3.3.2. Any Abelian subvariety is a connected component of the kernel 
of a morphism. The following Lemma has been just used to relate the 
more geometric formulation of Bertrand |Ber88| and the more explicit 
statement of Lemma El following Bashmakov |Bas72| and Ribet |Rib79j 
specific to Abelian varieties. 

Lemma 6 (Corollary of Poincare's complete reducibility theorem). Let 

B C E n be an irreducible Abelian subvariety. Then there is a morphism 
f : E n — > E m such that B is a connected component o/ker/. 

In particular, this implies that an Abelian subvariety B ^ E n satisfies 
a non-trivial End -linear relation. 

Proof. By Poincare's reducibility theorem, there exist an Abelian sub- 
variety B' C E n such that B(k) + B'(k) = E n (k) and the intersection 
B{k) fl B'ik) is finite. This implies there is an isogeny / : B x B' — ► 
E n ,(x,y) — > (x + y), and f{B) = B. There exists another isogeny 
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/' : E n — > B x B' such that /' ° / = [m] is a multiplication by a nat- 
ural number m G N; let -B m and -B^ be the connected components of 
B/m C E n and B'/m C -E"\ respectively, passing through the origin. 
Then we know that mB m = ff{B m ) = B, mB' m = ff{B' m ) = B' 
but also f'(B m ) and f'(B' m ) do not intersect within B x B'\ to con- 
clude, B m , B' m C E n and £ m n B' m = and 5 m + 5^ = £™. Let 
p 2 : -B x B' — > B' be the projection on the second coordinate; since 
is a connected component of ker/, it implies that B m is a connected 
component of kernel of / o p 2 o f : E n —>■ E n and B is a connected 
component of / o p 2 o f o [m] : E n — > E n . □ 

This concludes the proof of the lemmaEl stating the Kummer theory 
for an elliptic curve. □ 

3.3.3. An inductive argument based on Kummer theory. Assume now 
that we are on inductive step n—1, i.e. we have defined an End-E-linear 
map h n _i : QV^_i — > W and cr n _i G Gal(Q/k), h n -i(vi) = u>;,0 < i < 
n such that ^(h n -i(v)) = a n -i<p(v) for every v G QV n -%. Consider a 
compatible system (ip(vi/j))j, . . . , {ip(v n /j))j,j G N of division points 
in E(Q), and take iV as in Kummer theory Lemma El By the induc- 
tion hypothesis we have <J n -xf{vi/j) = ip(vi/j), . . . , cr n -i(p(v n -i/j) = 
il)(p n -\/j) for any j. Choose w n G W such that a n -iip{y n /N) = 
i/j(w n /N); that is possible by surjectivity of ip : W — > E(Q). By Kum- 
mer theory lemma, for iV large enough, there exists o' G Gal(Q/k) such 
that <j'cTn-if{vx/j) = ip(vx/j), ■ ■ ■ ,a'a n -x<p(v n -x/j) = ip(v n -i/j), and 
cr f a n -iip(v n / j) = ip(w n /j); let o n = a'a n -x- By construction we have 
that (J n \<p{Qv n -i) = (?n-i\<p(Qv n -i) and <r n <p(vi/j) = tp(vi/j),0 < i < n+l. 
This implies a n ip{y) = ip(v) for arbitrary v G QV^, thereby completing 
the induction step. 

After countably many steps we construct a total EndB-linear map 
h = Uh n : V -> W and a : <p(V) -> B(Q)_Since ip(V) = E(Q), the 
Galois map a is defined on the whole of E(Q). Since Galois map a is 
surjective, this implies h : V — ► W is surjective, too. This completes 
the proof of Proposition [TJ 

The last argument could in fact have been avoided by a little more 
careful inductive construction of h: instead of always choosing w n to 
match <f(v n ) we could have on odd steps pick an arbitrary w n and then 
chosen v n so that a n (<f(v n )) = ip{w n ) while on even steps preserving the 
old behaviour. It is very easy to force surjectivity of the constructed 
map h : V — W this way; it is a very common argument in model 
theory called "a back-and-forth argument". □ 



3.4. Concluding Remarks. 
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3.4.1. Image of Galois representation. 

Remark 7. Note that for the arguments in 1.9. 2 it is essential that the 
image of the Galois action is as large as possible subject to linear depen- 
dencies. However, this is something specific to elliptic curves and false 
for higher dimensional Abelian varieties: one needs to take care of a 
symplectic form. This observation shows that the straightforward gen- 
eralisation to higher dimensional Abelian varieties is false. See |Gav05| 
IV§7] for a discussion of a way to do that. 

3.4.2. Kummer theory. Remark says that in higher dimensions, the 
base of the induction breaks down due to additional restrictions on the 
image of the Galois action. This does not happen in the the later steps 
of the induction process based on Kummer theory. 

Remark 8 (Generalisations of Kummer theory argument) . Since Kum- 
mer theory is known in much larger generality, say for a product of arbi- 
trary Abelian varieties, complex tori C* and complex lines C (|Ber88j^, 
it seems straightforward to generalise the Kummer theory argument 
above to such a product A. Thus, one would prove that if there exists 
h : kenp — > keri[) and a Galois map cr : E(k(T(E)) — > E{k{T(E))) in 
Gal(k(T(E))/k) such that(poa = h oip, then there exists h : V — > W 
and a G Gal(Q/k) making the diagram $2a\l commute. That is, a mor- 
phism between kernel from A C V to A C W extends to a morphism 
on the whole ofV . Model-theoretically, this means that the types of the 
points of universal covering space lying over algebraic points A(Q) is 
atomic over the kernel in the linear language. 

Remark 9 (Failure of Kummer theory for extensions of Abelian vari- 
eties by tori). According to Ribet Ril)87 ,IR87| . Kummer theory may 
fail for non-trivial extensions of Abelian varieties by (C*) n due to "ex- 
istence of an additional morphism"; he gives a motivic interpretation 
in |Rih87] . It is natural to ask if an analogous argument could still be 
carried despite the failure of Kummer theory. To state a correct con- 
jecture, we may need to use more general considerations of |Gav 05] . 

4. Fundamental groupoid functor 

In this section we derive Proposition[2]from Proposition[I]by carrying 
out a formal counterpart of a natural topological construction of a 
universal covering space. 

4.1. Uniqueness of extensions implies the universality of the 
fundamental groupoid functor. In this § we show that Proposi- 
tion [T] implies Proposition [2j We do so by explicitly constructing an 
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extension as in Proposition [T] from a 2-functor as in Proposition El and 
then showing that the equivalence of constructed extensions implies 
the equivalence of 2-functors. 

The construction is a formalisation of the geometric observation that 
the universal covering space with a basepoint can be canonically iden- 
tified with the set of homotopy classes of paths leaving the basepoint 
of the base. The identification is via the unique path-lifting property 
of the covering map, and depends only on the choice of a basepoint in 
the universal covering space. In case of the universal covering space C 
of E(C), the correspondence is given by the period map 
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4.1.1. Recovering V as the universal covering space from the 2-functor 
Q. Let Q = (Pt, fl, s, t, •) be a 2-functor from <£ to Sets satisfying the 
conditions of Definition [TJ We want to construct an extension 

► Z 2 ► Vn - JL ^ E(Q) ► 

of End-E-modules. The topological intuition above suggests that we set 
V = Vn = U Sk,y(E) = {7 e n(E) : s( 7 ) = 0} (disjoint union), 

yePt(E) 

where G E(k) is the zero point of the elliptic curve E. 

4.1.2. Abelian group structure on Q(E). The functoriality of £2 trans- 
fers End-E-module structure on E(Q) to that on V; namely, let us check 
that the maps fl{f), f G End-E, and f2(m), where m : E x E — > E is 
the morphism of addition on E, define End-E-module structure on V, 
or rather that their restriction to V does. 

By assumption the functor Q preserves direct products so Q(ExE) = 
Q(E) x Q(E), and thus there is a map 

ft(m) : tt(E) x tt(E) -> Q(E). 

Maps s, t are natural transformations of fl to Pt (as functors to (Sets) 
and so sofl(m) = Pt(m)os, toQ(m) = Pt(m)ot is the map of addition 
on end-points. Therefore, 

tt(m)(fl XiV (E) x fl ViW (E)) C n x+Vt y +w (E)), 

and in particular 

n(m)(n 0>y (E) x fi 0tZ (E)) c n , y+ z(E)). 
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Thus ft(m) : V x V ^ V gives us a binary operation. It is straightfor- 
ward to show that the preservation of direct product and functoriality 
implies that ft(m) makes Q(E) into an Abelian group. Let us check 
this. 

By definition, associativity of to : E x E — > E means that to o 
(to x ids) = m o (idg x to) : E x E x E — > E 1 ; by preservation of 
direct product this implies ft(m) o (ft(m) x id#) = ft(m) o (id# x ft(m)) 
and so ft(m) is associative. Similarly, commutativity of to means to o 
(idi x id 2 ) = to o (id 2 x idi) : E x E ^ E; that similarly implies the 
commutativity of ft(m). In the language of morphisms, the existence 
of a zero for the additive law translates to the existence of a morphism 
: {0} — > E subject to the identifies: to o (id x 0) = p 2 : {0} x E ^ E 
and m o (0 x id) = pi : £ x {0} — > corresponding to a commutative 
diagram: 

{0} x E ^Ex E 




E 



Apply ft to get ft(m) o (ft(id) x ft(0)) = ft(p 2 ) : ft({0}) x ft(£) -> 
ft(£) and ft(m) o (ft(0) x ft(id)) = ft( Pl ) : ft(£) x ft({0}) -> ft(£). 
Preservation of direct product implies ft (to) o (id x ft(0)) = ft(p 2 ) : 
ft({0}) x n(E) -> ft(£) and ft(m) o (ft(0) x id) = ft(p : ) : Q{E) x 
ft({0}) -> ft(£). This implies that ft(0)(ft({0})) is a zero point in V. 

Existence of (right) inverse corresponds to the existence of a mor- 
phism % : E — > E subject to the following commutative diagram: 

E ► {0} 

(id s ,«) 

Ex E ► E 

m 

Again functoriality ensures that ft(i) satisfies a similar diagram, thus 
proving the existence of inverses. 

The above checks that ft(m) is an associative commutative partial 
operation on ft(E') possessing a zero element and inverses; it is imme- 
diate to check V is closed under ft (to) and inverse ft(i), and so is a 
group. 

4.1.3. Action of "fundamental group" fto,o(-E') on V via concatenation 
and by ft (to) -multiplication. Take a loop A G fto,o(-E') arid 7 G fto, y ; 
then both concatenation and ft(TO)-product of A and 7 are well-defined; 
let us show that A • 7 = ft (to) (A x 7): 

ft(m)(A x 7) = 0(771) (A -0x0-7) = ft(m)(A x 0) • ft(m)(0 x 7) = A • 7. 
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The latter equality follows from the inverse element equality of mor- 
phisms m(id x 0) = m(0 x id) = id. In the classical example, this 
observation corresponds to the following calculation: 

dz = dz + dz = / dz. 



71-72 71 72 7172 

Here 71 • 72 denotes the concatenation of the paths and 7172 denotes 
the pointwise product of the paths. 

4.1.4. Divisibility of End-E -module structure and path-lifting property. 
Analogously, a morphism / G End-E, £l(f) : Q(E) — > Q(E) defines a 
map f2(/) : fl(E) — > Q(E). Arguments similar to the ones above allow 
us to prove that V is an End-E-module with the operations defined 
above. Let us now prove that the path-lifting property implies that V 
is uniquely divisible. Indeed, we know that any isogeny / G EndE is 
etale f |Mum7fl] l and we may apply the path-lifting property to get a 
bijection 

n(f)-. |J n 0jy (E) — - |J n , z (E). 

OePt(£) zePt(E) 

That is, by definition of V, the map £l(f) is a bijection on V, and V is 
uniquely divisible as required. 

Finally, to get a short exact sequence as in Proposition d set (p(w) = 
t(w). Then naturality of target map t implies <p(w) is homomorphism 
of End-E-modules; the connectivity of Q(E) implies that <p is surjective. 
The kernel ker<£> of if : V — > E(Q) is Qo i0 (E) and is isomorphic to Z 2 
by assumption. 

4.1.5. Construction of a natural transformation ft' : £2 — > tti° P |q o~. 
For notational convenience, let Of = (Pt, s', •') denote the functor 



top 



Let W E(Q) be the End-E-module extension constructed from 
fi' = tti° P |q i n the same way. Since V, W are both uniquely divisible 
extensions of E(Q) by Z, 2 , we may apply Proposition [T] to get an End-E- 
linear map ft : V — > VF and a G Gal(Q/k) such that a o ip = ip o h. 

We want to get a natural transformation ft/ : £2 — »■ O'ocr. Recall a nat- 
ural transformation ft' : Q — > O' o a is a family of maps (of sets with no 
further structure) h% : Q{A) -> Q'o(t(A) and ft^ : Pt(A) -> Pt'oo-(A) 
satisfying certain compatibly conditions expressed by commutative di- 
agremmes 

Define h% : A(Q) -> A(Q) by h p A \x) = a{x) G Pt'(A) =JaA)(® = 
A(Q) to be the map induced by Galois automorphism a : Q — > Q. 
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By assumption of connectivity of Q(E), any 7 G Q(E) can be repre- 
sented as product 7 = 7-f 1 • 72 where 71,72,5(71) = 5(72) = 0; define 
a map h' E : Q(E) -> ft'(£7) by setting h' E (j) = h^)" 1 ■ /i( 72 ). If 

li l l2 = 7l _1 7 2 tnen Ti^Ti = 727 2 _1 G ^o,o(£), and so 

Hi,)- 1 ■ h{ l2 ) = h^a'r'H)- 1 ■ Hi^-'H) = 

M(7rVi) + Ti)" 1 • Hi^lf 1 ) + 7 2 ) = 

(M7fVi) + MY))- 1 • M727;- 1 ) + MY) = 
(MY))" 1 • MY) ^l" 1 )- MY), 

which proves that /i' is well-defined. Similar calculations check that 
h' E preserves concatenation - E : h'd ■ 7') = h'{i) • h'ij 1 ) for arbitrary 

i.i'en(E). 

We define h' E „ = h En : Q(E n ) — > Vt'(E n ) from an arbitrary Cartesian 
power = fi(£) n by ^ xB ( 7 x 7') = ^(7) x >4(Y) etc. 

4.1.6. Checking that h! is a natural transformation of Q into £2' o a. 
To check that h' is a natural transformation of to fi' o a, we need 
to check commutativity of the following diagrams (note that a on the 
left-hand side is not a morphism but a functor!): 







► E n 


(Q) 




Q) ► 


B( 


Q) 








pt 






Pt(/) 






(2) 




















E n 




(Q) 




B( 


0) 



(3) 



(4) 



n' 



SA 



tt(E n ) 

tt'(E n ) 
-> Pt(A) 



Q(A) 



«(/) 



Q(A) 



tA 



Pt(A) 



h' 



<?A 



n'(A) Pt(A) fi'(A) pt(A) 
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partial 

(5) 

fi'(A) x Of (A) — 

partial 

The first pair (j2J) expresses that ft,^* = (<xa)a is a natural trans- 
formation of set-valued functors from Pt to Pt o a; the diagrams are 
commutative just by definition of the action of a G Gal(Q/Q) on cate- 
gory (E. Analogously the second pair (j3J) expresses that h! is a natural 
transformation of set-valued functors fl to ft' o a. The first diagram in 
© says that ti E „ is a map from Q(E n ) to n'(>(£ n )) = Q'{a(E n )); the 
second one in Q expresses the linearity of h' with respect to the mor- 
phisms of E n — > i? m ; that follows from End-E-linearity of h : V — > V. 

The third pair (J3J) expresses compatibility of the end-point functions 
and h' A ; for A = E, this follows from the main property a o s = s o h 
when restricted to W n C Q(E n ), and that h' preserves concatenation 
■a] preservation of direct products allows us to extend this to arbi- 
trary Cartesian power E n . The diagram (JHJ) expresses the fact that h! 
preserves concatenation; this is by the definition of h! . 

This concludes the proof that h! is a natural transformation and that 
of derivation of Proposition [2] from Proposition [TJ □ 



5. Shimura curves 

Arithmetics of Shimura curves is well-studied. In particular, for 
Shimura curves, there is a quite explicit description of Galois action 
analogous to the results on the Galois action on the Tate module of an 
elliptic curve: for curves without complex multiplication it is a result 
of Ohta ( |()ht,74 j. also [ Cla.031 Theorem 123, p. 90]); for curves with 
complex multiplication this is implied by the explicit description of 
Galois group provided by the theory of complex multiplication. We 
thank A.Yafaev for pointing and explaining us those results. These 
results motivate us to make the following conjecture. 

Let S be a connected Shimura curve defined over a number field 
k C Q, and let &<£ be full subcategory of Var/Q consisting of Cartesian 
powers of finite etale covers of S. Assume that S has a fc-rational point 
O. _ 

Recall we denote Pt to P = V(Q) and Oto P _(V) = {76 7rf p (V(C)) : 

1 10 1 |«3 

3(7), £(7) G V(Q)} is the restriction of 7rJ op to Q-rational points. 
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Conjecture 10 (Universality of fundamental groupoid functor). Let 
Q = (Pt, fl, sy, ty, -v) be a functor from category (£ to (StoupouJs such 
that 

(1) the functor of points of is the functor of Q-rational points: 
Pt(X) = X(Q) = Mor e e(0, X), X G 6£. 

(2) fl preserves direct product: fl(X x Y) = Q(X) x Q(Y). 

(3) has the unique path-lifting property along etale morphisms: for 
an etale morphism f : X — > Y , a path 7 G £l(Y) and a point 
x G PtpT) such that Pt(f)(x) = sfa), there exists a unique path 
7 G Q(X) such that £l(f)(j) = 7 and 5(7) = x. 

Assume further that 

(4) VL(E) is a connected groupoid 

(5) there is an isomorphism 

Qofl(S) := {7 G : s( 7 ) = i(7) = 0} = 7rf p (5(C), O). 

T/ien i/iere exists an automorphism a G Gal(Q/k) such that the func- 
tors f2 cmc? 7Ti° P |q ° '■ ^ "~ * <5troupoi9s are naturally equivalent: 

It is possible that only a weaker conclusion holds: there exists finitely 
many functors Fi, . . . , F„ satisfying (l)-(5) such that for any functor 
satisfying (l)-(5) there exists a G Gal(Q/k) such that Qoa is naturally 
equivalent to one of Fi, . . . , F n . 
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